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JSXGraph and STACK used in MA

IDIAM and multivariate analysis as a trigger for 3D
development in JSXGraph. Some topics in engineering
mathematics require the ability to visualise objects in 2D or
3D space.

» Focus on integration domains and extrema of
functions in 2D

» Coordinate transformations (polar coordinates,
spherical coordinates)

» Calculus of functions with two variables (negative
definite Hessian)

» Visualization of vector fields in 3D (curl of a vector
field)



Ongoing ideas

» Work inspired by IDIAM
» Application to implicit curves: constraint optimisation

or Lagrangian multiplier role
» Slope fields and trajectories

Examples available at the IDIAM Page

JSXGraph 3D development and most examples have been
funded by ERASMUS+ “Interactive Digital Assessments in
Mathematics”.

https://idiamath.github.io


Integration in 2D/3D

Given 𝐺 ⊂ ℝ𝑛 (𝑛 = 2, 3). The integral wrt. 𝐺 and a function
𝑓 ∶ ℝ𝑛 → ℝ integrable on 𝐺 is denoted as

∫
𝐺

𝑓(x)d𝐺.



How to compute this?

𝐺 may given by two functions

𝐺 = {(𝑥, 𝑦) ∈ ℝ2 | 𝑎 < 𝑥 < 𝑏, 𝑦2(𝑥) < 𝑦 < 𝑦1(𝑥)}

then

∫
𝐺

𝑓(x)d𝐺 =
𝑏

∫
𝑎

𝑦1(𝑥)

∫
𝑦2(𝑥)

𝑓(𝑥, 𝑦)d𝑦d𝑥.

Recover the functions 𝑦1, 𝑦2 from a diagram is demand-
ing for some students.



Students view

https://btmdx1.mat.uni-bayreuth.de/moodle2022/question/bank/editquestion/question.php?returnurl=%2Fquestion%2Fedit.php%3Fcourseid%3D22%26qperpage%3D1000%26filter%3D%257B%2522category%2522%253A%257B%2522name%2522%253A%2522category%2522%252C%2522jointype%2522%253A1%252C%2522values%2522%253A%255B298%255D%252C%2522filteroptions%2522%253A%255B%257B%2522name%2522%253A%2522includesubcategories%2522%252C%2522value%2522%253Afalse%257D%255D%257D%252C%2522hidden%2522%253A%257B%2522name%2522%253A%2522hidden%2522%252C%2522jointype%2522%253A1%252C%2522values%2522%253A%255B0%255D%252C%2522filteroptions%2522%253A%255B%255D%257D%252C%2522jointype%2522%253A2%257D%26sortdata%255Bqbank_viewquestiontype__question_type_column%255D%3D4%26sortdata%255Bqbank_viewquestionname__question_name_idnumber_tags_column-name%255D%3D4%26deleteall%3D1&courseid=22&id=2056


Feedback view



Integration

The Transformation Theorem is widely used in integration.

Given two sets 𝐺 ⊂ ℝ𝑛 and 𝐻 ⊂ ℝ𝑛 im ℝ𝑛 and a one-
to-one mapping 𝑇 ∶ 𝐻 → 𝐺

𝑇 (u) ∶= x(u).

𝑇 is continuously differentiable and det(𝐽𝑇(𝑢, 𝑣, 𝑤)) ≠ 0
on 𝐻. Then

∫
𝐺

𝑓(x) dx = ∫
𝐻

𝑓(x(u)) |det 𝐽𝑇(u)| du.



Integration in 2D (Polar coordinate)
The introductory example in 2D integration are the Polar
Coordinates:

𝑇 ∶ [0, ∞) × [0, 2𝜋) → ℝ2 with (𝑟
𝜙) ↦ (𝑟 cos(𝜙)

𝑟 sin(𝜙))

Students view

https://btmdx1.mat.uni-bayreuth.de/moodle2022/question/bank/editquestion/question.php?id=2058&qtype=stack&courseid=22&returnurl=%2Fquestion%2Fedit.php%3Fcourseid%3D22%26qperpage%3D1000%26filter%3D%257B%2522category%2522%253A%257B%2522name%2522%253A%2522category%2522%252C%2522jointype%2522%253A1%252C%2522values%2522%253A%255B298%255D%252C%2522filteroptions%2522%253A%255B%257B%2522name%2522%253A%2522includesubcategories%2522%252C%2522value%2522%253Afalse%257D%255D%257D%252C%2522hidden%2522%253A%257B%2522name%2522%253A%2522hidden%2522%252C%2522jointype%2522%253A1%252C%2522values%2522%253A%255B0%255D%252C%2522filteroptions%2522%253A%255B%255D%257D%252C%2522jointype%2522%253A2%257D%26sortdata%255Bqbank_viewquestiontype__question_type_column%255D%3D4%26sortdata%255Bqbank_viewquestionname__question_name_idnumber_tags_column-name%255D%3D4%26deleteall%3D1


Integration in 3D

Spherical coordinates are very challanging for the students.
The question: Describe the set 𝑀 given by

𝑀 ∶= {x ∈ ℝ3 ∶ ‖x‖2 ⩽ 1, 𝑥1, 𝑥2, 𝑥3 < 0}

in spherical coordinates could only be solved by a few
students.



Spherical Coordinates

Students view

https://btmdx1.mat.uni-bayreuth.de/moodle2022/question/bank/editquestion/question.php?id=2057&qtype=stack&courseid=22&returnurl=%2Fquestion%2Fedit.php%3Fcourseid%3D22%26qperpage%3D1000%26filter%3D%257B%2522category%2522%253A%257B%2522name%2522%253A%2522category%2522%252C%2522jointype%2522%253A1%252C%2522values%2522%253A%255B298%255D%252C%2522filteroptions%2522%253A%255B%257B%2522name%2522%253A%2522includesubcategories%2522%252C%2522value%2522%253Afalse%257D%255D%257D%252C%2522hidden%2522%253A%257B%2522name%2522%253A%2522hidden%2522%252C%2522jointype%2522%253A1%252C%2522values%2522%253A%255B0%255D%252C%2522filteroptions%2522%253A%255B%255D%257D%252C%2522jointype%2522%253A2%257D%26sortdata%255Bqbank_viewquestiontype__question_type_column%255D%3D4%26sortdata%255Bqbank_viewquestionname__question_name_idnumber_tags_column-name%255D%3D4%26deleteall%3D1


Spherical Coordinates

Feedback view



Curl
The curl of a vector field 𝑉 ∶ ℝ3 → ℝ3 is just curl 𝑉 = ∇ × 𝑉.
It is quite strong to get an idea of it.



Curl

Feedback view

https://btmdx1.mat.uni-bayreuth.de/moodle2022/question/bank/editquestion/question.php?returnurl=%2Fquestion%2Fedit.php%3Fcourseid%3D22%26qperpage%3D1000%26filter%3D%257B%2522category%2522%253A%257B%2522name%2522%253A%2522category%2522%252C%2522jointype%2522%253A1%252C%2522values%2522%253A%255B298%255D%252C%2522filteroptions%2522%253A%255B%257B%2522name%2522%253A%2522includesubcategories%2522%252C%2522value%2522%253Afalse%257D%255D%257D%252C%2522hidden%2522%253A%257B%2522name%2522%253A%2522hidden%2522%252C%2522jointype%2522%253A1%252C%2522values%2522%253A%255B0%255D%252C%2522filteroptions%2522%253A%255B%255D%257D%252C%2522jointype%2522%253A2%257D%26sortdata%255Bqbank_viewquestiontype__question_type_column%255D%3D4%26sortdata%255Bqbank_viewquestionname__question_name_idnumber_tags_column-name%255D%3D4%26deleteall%3D1&courseid=22&id=2004


Slopefield and Trajectory

For a given ODE such as 𝑦′(𝑥) = 𝑓(𝑥, 𝑦(𝑥)) with initial
value 𝑦(𝑥0) = 𝑦0 one can draw as the trajectory of the

solution as the slope field given by 𝐹(𝑥, 𝑦) = ( 1
𝑓(𝑥, 𝑦)).

The idea is to find the corresponding slope field for a given
trajectory. JSXGraph provides the necessary tools, such as
Runge-Kutta methods and the slopefield object.



ODE

Students view

https://btmdx1.mat.uni-bayreuth.de/moodle2022/question/bank/editquestion/question.php?returnurl=%2Fquestion%2Fedit.php%3Fcourseid%3D22%26qperpage%3D1000%26filter%3D%257B%2522category%2522%253A%257B%2522name%2522%253A%2522category%2522%252C%2522jointype%2522%253A1%252C%2522values%2522%253A%255B298%255D%252C%2522filteroptions%2522%253A%255B%257B%2522name%2522%253A%2522includesubcategories%2522%252C%2522value%2522%253Afalse%257D%255D%257D%252C%2522hidden%2522%253A%257B%2522name%2522%253A%2522hidden%2522%252C%2522jointype%2522%253A1%252C%2522values%2522%253A%255B0%255D%252C%2522filteroptions%2522%253A%255B%255D%257D%252C%2522jointype%2522%253A2%257D%26sortdata%255Bqbank_viewquestiontype__question_type_column%255D%3D4%26sortdata%255Bqbank_viewquestionname__question_name_idnumber_tags_column-name%255D%3D4%26deleteall%3D1&courseid=22&id=2037


ODE

Feedback view 1



ODE

Feedback view 2



Constrained Optimisation and Lagrange
Multiplier

The easiest constraint optimization problem in ℝ𝑛 is

min 𝑓(x)
𝑠.𝑡. ℎ(x) = 0

The necessary optimality condition
𝑓, ℎ are 𝐶1 in a neighbourhood of x0 and ∇ℎ(x0) ≠ 0
and x0 minimizes 𝑓 subjected to ℎ(x) = 0.
Then there exists a real number 𝜆 ∈ ℝ with

∇𝑓(x) + 𝜆∇ℎ(x) = 0.



Necessary optimality condition seen
geometrically

» ℎ(x) = 0 in JSXGraph 2D

A glider on a curve given implicitly by ℎ(x) = 0.

» ∇𝑓(x) + 𝜆∇ℎ(x) = 0

Two parallel vectors.



Lagrange Multiplier

Students view

https://btmdx1.mat.uni-bayreuth.de/moodle2022/question/bank/editquestion/question.php?returnurl=%2Fquestion%2Fedit.php%3Fcourseid%3D22%26qperpage%3D1000%26filter%3D%257B%2522category%2522%253A%257B%2522name%2522%253A%2522category%2522%252C%2522jointype%2522%253A1%252C%2522values%2522%253A%255B298%255D%252C%2522filteroptions%2522%253A%255B%257B%2522name%2522%253A%2522includesubcategories%2522%252C%2522value%2522%253Afalse%257D%255D%257D%252C%2522hidden%2522%253A%257B%2522name%2522%253A%2522hidden%2522%252C%2522jointype%2522%253A1%252C%2522values%2522%253A%255B0%255D%252C%2522filteroptions%2522%253A%255B%255D%257D%252C%2522jointype%2522%253A2%257D%26sortdata%255Bqbank_viewquestiontype__question_type_column%255D%3D4%26sortdata%255Bqbank_viewquestionname__question_name_idnumber_tags_column-name%255D%3D4%26deleteall%3D1&courseid=22&id=2039


Lagrange Multiplier

Feedback view



Transfer data: STACK to JSXGraph and back

» Numbers

1 t F i n a l = {# t F i n a l s e t # } ;

» strings, like function terms

1 f un t x t = ' {# f i e l dSe l ec t ed # } ' ;
2 fun = board . j c . sn ippet ( f r k t x t , t rue , ' x ' ) ;

The last line will create a JS function from the string stored
in funtxt (see JSXGraph documentation
JessieCode#snippet)

http://jsxgraph.uni-bayreuth.de/docs/symbols/JXG.JessieCode.html#snippet
http://jsxgraph.uni-bayreuth.de/docs/symbols/JXG.JessieCode.html#snippet


Sometimes it is needed to process the string using the
replace method.

» Transfer of a list of strings can be done using the
helper function JXG.stack2jsxgraph, e.g.

1 vecOfF ie lds =
JXG . stack2jsxgraph ( ' { # l i s t O f F i e l d s # } ' ) ;

Strings can processed by e.g. jc .snippet().



Why JSXGraph?

» streamline the applets
» fits my thinking coming from numerical math

demanding for developer
» documentation of the code for reuse
» minimizing the need to adapt code in JSXGraph to

create modified questions
» initialize via questions variables


